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We present a comprehensive study of how superconducting fluctuations in the normal state con-
tribute to the conductivity tensor in a thin (119Å) film of NbN. It is shown how these fluctuations
drive a sign change in the Hall coefficient RH for low magnetic fields near the superconducting
transition. The scaling behaviours as a function of distance to the transition  = ln(T/Tc) of
the longitudinal (σxx) and transverse (σxy) conductivity is found to be consistent with Gaussian
fluctuation theory. Moreover, excellent quantitative agreement between theory and experiment is
obtained without any adjustable parameters. Our experimental results thus provide a case study of
the conductivity tensor originating from short-lived Cooper pairs.
I. INTRODUCTION
Superconducting fluctuations in the normal state
have long been known to influence bulk properties
such as conductivity and magnetization. Generally, a
stronger response to fluctuations is expected for lower
dimensions1. Many studies have therefore been carried
out on thin films or layered compounds such as the high-
temperature cuprate superconductors2. Of particular in-
terest are systems that host a Bardeen–Cooper–Schrieffer
(BCS) regime to Bose–Einstein condensate (BEC) cross-
overs3,4. The BCS regime is characterized by conven-
tional Gaussian fluctuations1,5,6 whereas phase fluctua-
tions are expected in the BEC regime. In the cuprates
paraconductivity, torque magnetization, and Nernst ef-
fect experiments – inside the pseudogap phase – have
been interpreted as evidence for phase fluctuations of su-
perconductivity7–10. The topic, however, remains con-
troversial as the same techniques have also produced re-
sults consistent with Gaussian fluctuation theory11–17.
To make progress, one way forward is to study super-
conducting fluctuations of related systems. Recently, a
pseudogap phase has been identified in disordered films of
NbN and TiN and it has been conjectured that it stems
from phase fluctuating superconductivity18–20. In this
context, careful studies of the normal state fluctuations
are called for. Recently, the sister compound TaN, for
which no pseudogap has been identified, has been stud-
ied and it was demonstrated that superconducting fluc-
tuations manifest themselves in the Hall coefficient21,22 –
consistent with predictions of Gaussian fluctuation the-
ory23.
Due to its promising potential for applications such
as single-photon detection and hot-electron bolometers,
NbN is one of the best characterized superconducting
films. Both the normal state metallic and the super-
conducting properties have been widely studied20,24–26.
Perhaps for this reason, it has served as a model system
for studies of out-of-equilibrium dynamics of supercon-
ductivity27–30. Here, we use a NbN film just outside the
pseudogap regime to carry out a combined paraconduc-
tivity and Hall effect study of the normal state supercon-
ducting fluctuations. The sign of the contribution from
superconducting fluctuations to the Hall conductivity is
defined by the derivative κ = −d ln(Tc)/dµ where µ is
the chemical potential23,31. For most conventional su-
perconductors, including NbN, κ < 0 and hence the Hall
coefficient due to Gaussian fluctuations is expected to
be positive [RH(SC) > 0]. It is also known that charge
transport in NbN films is governed by electron-like carri-
ers24, which generate a negative normal state quasipar-
ticle (QP) Hall coefficient [RH(QP) < 0]. In NbN short
lived Cooper pairs and quasiparticles are thus expected to
contribute with opposite sign to the Hall effect. Near Tc,
but still within the normal state (T > Tc), we indeed find
a sign reversal of the Hall effect response. This sign rever-
sal facilitates the disentanglement of the Hall signal from
quasiparticles and short lived Cooper pairs and hence
enables us to study the response from superconducting
(SC) fluctuations to the Hall effect. Although the Hall
conductivity ∆σxy generated by SC fluctuations is gen-
erally highly non-linear, it does scale with magnetic field
B in the limit B → 0. Consistent with Gaussian fluc-
tuation theory, ∆σxy/B ∝ −2 scales with  = ln(T/Tc)
that for  1 is a measure of the distance to the super-
conducting transition (T − Tc)/Tc. Furthermore, from
the normal state Hall conductivity isotherms we extract
a ghost critical field B∗ ∝ . This combined with a para-
conductivity that scales as ∆σxx ∝ −1 makes a con-
vincing case for Gaussian fluctuations in NbN. Further-
more, excellent quantitative agreement between Gaussian
fluctuation theory and the experiment is found without
any adjustable parameters. Our study therefore provides
an experimental demonstration of how Gaussian fluctua-
tions of superconductivity contribute to the conductivity
tensor.
II. METHODS
A thin film of NbN (Tc = 14.96 K) was grown on a
sapphire substrate using dc reactive magnetron sputter-
ing of a pure Nb target in a mixture of Ar and N2 gasses.
The average thickness d = 119(2)Å was measured with
a stylus profiler. Six gold contacts with Hall bar geom-
etry were deposited onto the film. Resistivity and Hall
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FIG. 1. In-plane resistivity of a 119Å thin NbN film as a
function of temperature for magnetic fields in steps of 1 T.
The magnetic field is applied perpendicular to the film plane.
Solid lines are guides to the eye. The upper critical field
Bc2(T ) (shown in the inset) is defined by the point with the
steepest slope on the respective transitions. The red line in
the inset is a linear fit used to evaluate Bc2(0) – see main text
for further explanation.
effect experiments were carried out – using a commer-
cial Quantum Design PPMS – in magnetic fields up to
9 Tesla. Magnetic field and temperature were stabilized
before measuring. Reversal of the field direction was used
to eliminate contributions originating from contact mis-
alignment.
III. RESULTS
In Fig. 1 the longitudinal resistivity ρxx is shown as
a function of temperature and magnetic field perpendic-
ular to the film. The zero-field resistivity curve yields
Tc = 14.96 K, defined by the temperature with the largest
derivative dρxx/dT . Notice that the sharpness of the
transition allows determination of Tc with 20 mK preci-
sion. When a magnetic field B is applied perpendicular
to the film, the transition temperature is gradually sup-
pressed as indicated in the inset of Fig. 1.
Raw Hall resistivity (ρxy) isotherms are shown in
Fig. 2a. Well above the superconducting transition, the
negative Hall response ρxy scales linearly with magnetic
field strength. Essentially no magnetoresistance is ob-
served in ρxx and RH = ρxy/B. This is consistent with
a single band picture where the Hall coefficient is given
by RH = −1/(ne). Our film has a carrier density n =
4.2× 1023 cm−3 and hence kF = (3pi2n)1/3= 2.3 Å−1.
The electronic mean free path ` = ~kF/ne2ρ = 2.0 Å
confirms that our NbN film belongs to the dirty regime
with a Ioffe-Regel parameter kF` = 4.6. Being in the
dirty regime, we use the Werthamer-Helfand-Hohenberg
relation32, Bc2(0) = −0.69Tc dBc2dT , to estimate the zero-
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FIG. 2. (a) Hall resistivity ρxy isotherms for T ≈ Tc, 15.3
and 20.0 K. The inset displays the high-field linear field de-
pendence of ρxy. (b) The non-linear Hall resistance ∆ρxy
obtained by subtracting the linear high-field dependence for
each of the respective isotherms. Solid lines are guides to the
eye.
temperature upper critical field Bc2(0) ≈ 18 T (see inset
of Fig. 1). This implies a zero-temperature coherence
length ξ0 = (Φ0/[2piBc2(0)])1/2 = 43Å, where Φ0 is the
flux quantum. As our measurements are taken near the
superconducting transition temperature where ξ and the
penetration depth33 diverge, the superconducting length
scales are generally larger than the film thickness. Our
system thus displays two-dimensional superconductivity
whereas the electrons sense a three-dimensional environ-
ment due to their short mean-free path.
Hall effect isotherms taken near the superconducting
transition Tc, display a sign change from negative to pos-
itive values at low magnetic fields (Fig. 2a). This sign
change is observed in a narrow temperature window of
0.3 K above Tc. Deviations from linear low-field depen-
dence is, however, observed up to ∼ 1 K above the su-
perconducting transition. We thus analyse the isotherms
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FIG. 3. Hall conductivity due to superconducting fluctua-
tions. The subtraction of the normal state response is de-
scribed in the text. Isotherms of ∆σxy shown in (a) are com-
pared to Gaussian fluctuation theory (solid lines) explained in
the text. The same data represented as νH = ∆σxy/B versus
B are shown in (b). For magnetic fields lower than B∗ (in-
dicated by arrows), the isotherms of νH become constant at
values νH,0. For the isotherm at 15.0 K the constant plateau
is not reached at the lowest measurable fields and hence the
flat line indicates a lower bound. The grey bars below the ar-
rows show the estimated uncertainty of B∗ and all solid lines
are guides to the eye.
in term of a negative normal state contribution ρxy ∝ B
and a positive response with a non-linear field depen-
dence. To investigate the positive response, the neg-
ative linear normal state component is subtracted, i.e.
∆ρxy = ρxy − ρnxy. As shown in Fig. 2b, the positive
Hall effect response ∆ρxy decreases rapidly with increas-
ing temperature. In fact, it vanishes below the detection
limit about 1 Kelvin above Tc.
Next, to compare with theoretical predictions, the con-
tribution from superconductivity to the conductivity ten-
sor is being isolated. As NbN displays essentially no
magnetoresistance and ρxx  ρxy, the normal state con-
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FIG. 4. (a) The low-field value νH,0 = ∆σxy/B for (B → 0)
(left axis) and the paraconductivity ∆σxx (right axis) as a
function of . Dashed lines are the predicted dependencies
from Gaussian fluctuation theory without any adjustable pa-
rameters – see text for a detailed explanation. (b) The ghost
critical field as a function of , obtained from the isotherms
shown in Fig 3. The dashed line corresponds to B∗ = Bc2/2
with Bc2 = 18 T obtained from the resistivity data shown in
Fig. 1. The dotted line corresponds to the mirror image of
the red line in the inset of Fig. 1. Vertical error bars corre-
spond to the grey bars below the arrows in Fig. 3. Horizontal
error bars in (a) and (b) correspond to an uncertainty in Tc
of 20 mK.
ductivity σnxx is – in the temperature regime of interest
– given by σnxx = 1/ρxx(9 T). The paraconductivity –
shown in Fig. 4a – is then given by ∆σxx = σxx − σnxx
where σxx = 1/ρxx(0 T). The Hall conductivity due
to superconductivity is extracted in a similar fashion:
∆σxy = σxy−σnxy where σnxy = −ρnxy/[(ρnxx)2+(ρnxy)2] and
σxy = −ρxy/[ρ2xx + ρ2xy]. In Fig. 3 isotherms of −∆σxy
and νH = ∆σxy/B for temperatures just above the super-
conducting transition Tc are shown. In the limit B → 0,
νH(B) saturates at νH,0 and becomes essentially inde-
pendent of magnetic field. The amplitude of the plateau
4(νH,0) is strongly temperature dependent. As shown in
Fig. 4a, νH,0 drops almost two orders of magnitude by
heating just half a Kelvin above the superconducting
transition. The onset of this low-field plateau defines
a field scale B∗ that scales with  = ln(T/Tc) (Fig. 4b).
IV. DISCUSSION
We now discuss ∆σxx, ∆σxy, and the ghost critical field
B∗. Generally, the paraconductivity ∆σxx scales with the
correlation length ξ2(T ) that diverges as T → Tc. Gaus-
sian fluctuations lead to a power-law divergence of the
correlation length ξ(T ) ∝ −1/2. By contrast, phase fluc-
tuations are expected to have an exponentially diverg-
ing correlation length ξ(T ). To bridge the two regimes,
Halperin and Nelson33,34 proposed a phenomenological
function ∆σxx ∝ sinh2 (
√
bτc/τ) – where b is a con-
stant, τc = (Tc − TKT)/TKT, and τ = (T − TKT)/TKT.
Phase fluctuating superconductivity would exist in be-
tween TKT – the Kosterlitz-Thouless transition temper-
ature – and Tc. For bτc/τ  1, an exponential diver-
gence ∆σxx ∝ exp(2
√
bτc/τ) is dominant whereas for
bτc/τ  1 the Gaussian power-law dependence is re-
covered. It has been demonstrated theoretically that
the dimensionless constant b scales with
√
τc
35. As the
superconducting transition of our film is very sharp, it
is clear that τc and hence b are vanishing small. The
Kosterlitz-Thouless regime is thus not relevant for our
system and we therefore discuss the superconducting fluc-
tuations within the Gaussian paradigm.
A central prediction is that the normal state super-
conducting fluctuations should display a characteristic
field scale B∗ that in essence marks the cross-over be-
tween coherence length ξ(T ) = ξ/
√
 and the magnetic
length scale `B =
√
~/αeB. Different numerical values
of α = 1, 2, and 4 have previously been used12,21,22,36,37.
The cross-over condition (ξ(T ) = `B) implies that B∗ =
2Bc2(0)/α and since B∗ scales with Bc2(0), it is often
referred to as the ghost critical field scale. For Nernst ef-
fect isotherms (N versus B), this field scale is commonly
defined by a maximum in N11,12,38. However, this max-
imum is not expected to strictly vanish for T → Tc and
indeed Nernst effect experiments typically find a satura-
tion of B∗ near Tc11,39. For this reason, it makes sense
to define the ghost critical field B∗ as the field scale be-
low which ν = N/B or νH = ∆σxy/B is constant (see
Fig. 3). Within error bars the extracted ghost critical
field scales with  as shown in Fig. 4b. Moreover, us-
ing Bc2(0) ≈ 18 T (derived from the resistivity curves –
shown in Fig. 1) good agreement with the experiment
is obtained with α = 4. This implies, as has previ-
ously been observed in TaN and cuprate superconduc-
tors21,22,38, that the ghost critical field B∗ is generally
lower than the upper critical field Bc2(0).
Gaussian / amplitude fluctuations of superconductiv-
ity constitute short-lived Cooper pairs that open a new
channel for charge transport. In two dimensions, this
yields the following contributions to the conductivity ten-
sor23,40:
∆σ(1)xx =
e2
16~d
1

and
∆σ
(1)
xy
B
=
|e|Dκ
3
e2
16~d
1
2
(1)
where ∆σxx (the Aslamazov-Larkin (AL) term41) is in-
dependent of material properties and ∆σxy depends only
on the diffusion constant D and κ. The AL-term is
expected valid in the regime Gi <   142, where
Gi = (e2ρnxx)/(16~d) ≈ 0.001 is the Ginzburg-Levanyuk
parameter here defined by the condition ∆σ(1)xx = σnxx42.
Scattering of electrons on the fluctuating superconduc-
tivity is described by the so-called Maki-Thompson
terms43–45:
∆σ(2)xx =
2∆σ
(1)
xx
− δ ln
( 
δ
)
and
∆σ
(2)
xy
B
= −2µH∆σ(2)xx
(2)
where δ = piτ0/(8τφ), τ0 = ~/kBT , τφ is the dephasing
time46, and µH is the electron mobility. We have no direct
experimental measure of the dephasing time τφ in NbN.
For the optimally doped high-temperature superconduc-
tor YBCO, τφ = 86 fs has previously been reported45.
Assuming a similar or shorter dephasing time for NbN,
implies that ∆σ(1)xx  ∆σ(2)xx and ∆σ(1)xy  ∆σ(2)xy . The
absence of a ln(/δ) dependence of ∆σxx (Fig. 4a) lends
experimental support for this ansatz. Finally, density-of-
state (DOS) corrections are predicted to be subleading
contributions40. We therefore discuss the experimentally
observed paraconductivity by setting ∆σi = ∆σ
(1)
i with
i ∈ {xx, xy}.
The exact experimental T -dependence of ∆σi in the
limit  → 0 is sensitive to how Tc is defined15,21. When
defining Tc = 14.96 K by the steepest point of the super-
conducting transition, we find that ∆σxx scales perfectly
with −1 and −νH,0 is consistent with a −2 dependence
(Fig. 4a). Gaussian fluctuation theory thus provides an
excellent description of the temperature dependence of
∆σxx, ∆σxy and B∗ without any adjustment of Tc.
The absolute magnitude of ∆σxx and ∆σxy is also
well described by Gaussian fluctuation theory. Using the
film thickness d = 119 Å, the predicted magnitude of
∆σxx is within 20% in agreement with the experiment
(Fig. 4a). The amplitude of ∆σxy can be evaluated by
estimating the product |e|Dκ. Notice that κ = β/F
where F is the Fermi energy and β = −0.5λ ·d ln(Tc)/dλ
is depending on the superconducting coupling constant
λ23. In the weak coupling limit (λ  1), where
Tc ∝ exp(−1/λ)47 one finds β = −1/(2λ). NbN, how-
ever, belongs to the strongly coupled λ ∼ 1 limit24,27
where Tc ∝ exp([−1.04(1 + λ)]/[λ− µ∗(1 + 0.62λ)]) with
µ∗ = 0.13 being the screening potential24,48. A recent
experimental study found λ = 1.1 ± 0.127 implying that
β = −0.77. Finally, using D = v2Fτ/3 where vF is
the Fermi velocity and τ is the mean free life time, it
is found that |e|Dκ = 2µHβ/3 where µH = |e|τ/m∗ is
the Hall mobility and m∗ is the quasiparticle mass. The
Hall mobility can be derived directly from the experiment
5µH = |RH/ρnxx| =1.3× 10−5 T−1. We find, without any
adjustable parameters, that the theoretical prediction of
∆σxy (solid line in Fig. 4a) is in excellent agreement with
the experiment.
Finally, it is also possible – as done in Ref. 21 – to ana-
lyze a more extended region of magnetic fields by fitting
the isotherms. Gaussian theory predicts the isotherms to
be described by
∆σ(1)xy (ω → 0) =
e2kBTκ
pi~d
sgn(B)
∞∑
j=0
(j + 1)(ζj+1 − ζj)3
ζjζj+1(ζj+1 + ζj)2
(3)
where
ζj = +
κω
2
+ Ψ
(
1
2
+
(j + 1/2)4D|eB| − iω
4pikBT
)
−Ψ
(
1
2
)
(4)
and Ψ is the digamma function. By using κ and D as fit
parameters it is possible, as shown in Fig. 3a, to describe
reasonably well the isotherms of σxy. The obtained val-
ues of κ and D are in good agreement with the B → 0
analysis presented in Fig. 4a. As a concluding remark, we
stress the advantage of the B → 0 analysis. As the prod-
uct κD is proportional to the Hall mobility, the Gaussian
theory can be tested without knowing or fitting κ and D.
V. CONCLUSIONS
In summary, we presented a systematic study of the
conductivity response generated by superconducting fluc-
tuations in the normal state of a 119Å thin NbN film.
It is shown how these fluctuations drive a sign change
in the Hall coefficient. Isolating the longitudinal ∆σxx
and transverse ∆σxy conductivity due to superconduct-
ing fluctuations allowed direct comparison to Gaussian
fluctuation theory. We found that these transport quan-
tities are scaling with the distance to the superconduct-
ing transition  = ln(T/Tc) as predicted (∆σxx ∝ −1 and
∆σxy ∝ −2). Furthermore, excellent quantitative agree-
ment between Gaussian fluctuation theory and the exper-
iment was obtained. The presented study thus demon-
strates experimentally how Gaussian fluctuations of su-
perconductivity contribute to the conductivity tensor.
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